Abstract. The Seiberg-Witten family of elliptic curves defines a Jacobian elliptic surface Z over CP 1 . We show that for the∂-operator along the fiber the logarithm of the regularized determinant − 1 2 log det ′ (∂ * ∂ ) satisfies the anomaly equation of the one-loop topological string amplitude derived in Kodaira-Spencer theory. We also show that not only the determinant line bundle with the Quillen metric but also the∂-operator itself extends across the nodal fibers of Z. The extension introduces current contributions to the curvature of the determinant line bundle at the points where the fibration develops nodal fibers. The global anomaly of the determinant line bundle then determines the signature of Z which equals minus the number of hypermultiplets.
Introduction and Statement of results
There has been a continuing interest in the non-perturbative properties of the supersymmetric Yang-Mills theory on four-dimensional manifolds. One of the results of the work of Seiberg and Witten [15] is that the moduli space of the topological SU(2)-Yang-Mills theory on a four-dimensional manifold decomposes into two branches, the Coulomb branch and the Seiberg-Witten branch. The branches are interpreted as the moduli spaces of simpler physical theories on the four-manifold. The Coulomb branch, also called the Seiberg-Witten family of curves, is the moduli space of a topological U(1)-gauge theory, called the low energy effective U(1)-gauge theory. We investigate the geometry and topology of the Coulomb branch as it is fundamental for the definition and the understanding of the N = 2 supersymmetric, low energy effective field theory by using the results and techniques developed in [2, 14, 5, 6] .
This article is structured as follows: In Section 2, we explain how the SeibergWitten families of elliptic curves for N = 2 supersymmetric SU(2)-gauge theory with N f = 0, 1, 2, 3, 4 additional fields, called hypermultiplets, define four-dimensional, Jacobian rational elliptic surfaces Z → CP 1 with singular fibers. We describe the correspondence between the rational elliptic surfaces and the constraints on the masses of the hypermultiplets. Unless noted otherwise, we will always assume that the masses are generic so that any singular fiber over [u * : 1] ∈ CP 1 for finite u * is a node and does not give rise to a surface singularity. Only the singular fiber over [1 : 0] is a cusp giving rise to a surface singularity. Thus, after removing the singular fiber over [1 : 0] , we obtain a smooth elliptic surface Z with three-dimensional boundary and elliptically fibered over a bounded disc in CP 1 , called the u-plane UP ⊂ CP 1 .
In Section 3, we review the construction of the regularized determinant of thē ∂-operator on an elliptic curve. When the elliptic curve E u is varied in the SeibergWitten family over the u-plane, we obtain the determinant line bundle DET∂ → UP of the∂-operator along the fiber of Z → UP. The regularized determinant det ′ (∂ * ∂ ) of the Laplacian along the fiber becomes a smooth function on UP which we will later use in the Quillen construction to define a metric and connection on DET∂. In Section 4, we show that the logarithm of the regularized determinant of the Laplacian − 1 2 ln det ′ (∂ * ∂ ) satisfies the anomaly equation for the one-loop topological string amplitude of Kodaira-Spencer theory derived in [4] .
In Section 5, we show that the local anomaly of DET∂ vanishes and determine the non-trivial global anomaly as holonomy of the determinant section. We use the results of Bismut and Bost [5, 6] to show that the determinant line bundle with the Quillen metric extends smoothly across the nodal fibers. Because of the non-trivial holonomy, the extension of the determinant line bundle introduces current contributions to the curvature over the points in the u-plane where the fiber develops a node.
In the case that the singular fibers are nodes, Seeley and Singer [14] showed that the∂-operator is defined on a nodal fiber as well so that in a neighborhood U ⊂ UP the family of operators {∂ u } u∈U is a continuous family. However, their procedure of obtaining the determinant line bundle is different from Bismut and Bost [5, 6] because their Laplacian is different. In Section 6 we explain the connection between the two procedures by a local change in the conformal gauge of the fiber metric around the nodal fiber and compute the Chern class of the determinant line bundle for the Laplacian used by Seeley and Singer.
In Section 7 and Section 8, we discuss the elliptic operators connected to the signature of the elliptic surface Z → UP. First, for the signature operator D along the fiber of Z → UP we compute the global anomaly. We show that there is a canonical trivialization of the determinant line bundle (DET D) ⊗6 , and the well-defined logarithmic monodromies of the canonical section of DET D then determine the signature of Z → UP. We interpret the determinant line bundle as a solution to a Riemann-Hilbert problem on CP 1 . On the other hand, the generalization of Hirzebruch's signature theorem for manifolds with boundary by Atiyah, Patodi, Singer (APS) [3] shows that the elliptic signature operator on the four-dimensional surface Z has an analytic index if one imposes APS boundary conditions on ∂Z. We show that this analytic index equals minus the number N f of hypermultiplets.
2. The Jacobian elliptic surface for N = 2 Yang-Mills theory A single elliptic curve E in the Weierstrass form can be written as
where g 2 and g 3 are numbers such that the discriminant ∆ ∆ ∆ = g 
One can check that the point P with the coordinates [0 : 1 : 0] is a smooth point of the curve. We consider P the base point of the elliptic curve and the origin of the group law on E. The two types of singularities that can occur as Weierstrass cubic are a rational curve with a node, which appears when the discriminant vanishes and g 2 , g 3 = 0, or a cusp when g 2 = g 3 = 0. Next, we look at a family of cubic curves over CP 1 . The family is parametrized by the base space CP 1 and a line bundle N → CP 1 . The quantities g 2 and g 3 are promoted to global sections of N ⊗4 and N ⊗6 respectively; the discriminant becomes a section of N ⊗12 . If the sections are generic enough so that they do not always lie in the discriminant locus, we obtain a Weierstrass fibration π : Z → CP 1 with section. Each fiber comes equipped with the base point P , which defines a section S of the elliptic fibration which does not pass through the nodes or cusps. We will always assume N = O CP 1 (−1). In physics, a Weierstrass fibration of the type described is called a Seiberg-Witten curve.
We will also assume that in the coordinate chart [u : 1] ∈ CP 1 , the discriminant ∆ ∆ ∆ is a polynomial of degree N f + 2 in u, and g 2 and g 3 are polynomials in u of degree at most 2 and 3 respectively. The space of all such Weierstrass elliptic surfaces has N f + 1 moduli. To see this, first consider the case where N f = 4. From the seven parameters defining g 2 and g 3 , two can be eliminated by scaling and a shift in the u-plane. Furthermore, we can arrange the coefficient of g 2 of degree two and the coefficient of g 3 of degree three to be the modular invariants of an elliptic curve with periods 1 and τ 0 . The remaining four coefficients can be expressed in terms of four complex parameters [15] . In physics, they are usually denoted m 1 , . . . , m N f , and called the masses of the hypermultiplets.
A non-trivial elliptic fibration has to develop singular fibers; the classification of the singular fibers is part of Kodaira's classification theorem of all possible singular fibers of an elliptic fibration (cf. [10] ). For generic values of the masses, the polynomial ∆ ∆ ∆ has N f + 2 simple zeros u * 1 , . . . , u * N f +2 for |u| < ∞. From Kodaira's classification theorem of singular fibers [10] , it follows that the elliptic fibration develops the nodes, i.e., a singular fibers of Kodaira type I 1 over the points u . Z has surface singular points whenever all partial derivatives in u, x, y simultaneously vanish. Singular fibers of Kodaira type I 1 do not give rise to surface singularities, whereas all singular fibers of Kodaira type I n , with n ≥ 2, and I * n , with n ≥ 0, do. It is known [10, Sec. 4.6 ] that a Weierstrass fibration is rational (i.e. birational to CP 2 ), if g 2 and g 3 are polynomials in u of degree at most 4 and 6 respectively. The minimal resolution Z of Z is the blow-up of CP 2 in nine points, and therefore has Picard number 10. The section S uses up one dimension, and so the number of components of any singular fiber is at most nine since the components are always independent in the Neron-Severi group. However, not all configurations of singular fibers exist. Conversely, by contracting every component of the fiber which does not meet S, we obtain back the normal surface Z.
We will denote by UP the base curve CP 1 minus a small disc around u = ∞. Thus, Z → UP is a proper, surjective, holomorphic map of smooth complex manifolds. We denote by ω Z the canonical bundle of Z. The space H 0 (ω Z ) is the space of global holomorphic two-forms of dimension p g = h 2,0 . The space H 0 (Ω 1,0 (Z)) is the space of global holomorphic one-forms of dimension q = h 1,0 . Using the explicit Weierstrass parametrization given in [15] for 0 ≤ N f ≤ 4, it is easy to compose a complete list of the possible configurations of singular fibers that appear as Seiberg-Witten curves. In Table 1 , we list the constraints on the moduli, which substituted into the Weierstrass presentation in [15] realize the configuration of singular fibers, the structure of the singular fibers E u * n over finite u * n , and E ∞ for the rational elliptic surface Z → CP 1 . Table 1 .
The regularized determinant on an elliptic curve
We consider an elliptic curve E with periods 2 ω ω ω and 2 ω
, and complex coordinate z. Let ξ = ξ 1 +iξ 2 be the complex coordinate on the normalized torus with periods 1 and τ such that ξ = z 2 ω ω ω . For n 1 , n 2 ∈ N, a function ϕ with the periodicities
is given by
In fact, the functions ϕ n 1 ,n 2 constitute a complete system of eigenfunctions for −4∂ ξ∂ξ
Since 2∂ = 2∂ z = 1 ω∂ ξ , the functions ϕ n 1 ,n 2 are also eigenfunctions of 2∂ for the eigenvalues π Imτ ω ω ω
The holomorphic line bundle of positive spinors can also be interpreted as a holomorphic square root K 1/2 of the bundle of holomorphic (1, 0)-forms K = Ω 1,0 (E). The chiral Dirac operators are
Equivalently, we can view the situation as follows: we take the even spin structure (A, A) as a reference square root K
is the preferred spin bundle for the chosen homology basis, its divisor κ = 1/2 + τ /2 is the vector of Riemann constants. We twist the Dirac operator by a flat holomorphic line bundle W (ν 1 ,ν 2 ) of order two with the divisorξ = − τ and ν 1 , ν 2 ∈ {0, 1}. The twisted chiral Dirac operator is
In other words, the twisted chiral Dirac operator is the∂-operator coupled to the holomorphic line bundle
form a complete system of eigenfunctions for the operator (−4∂∂) (ν 1 ,ν 2 ) with the eigenvalues π Imτ |ω ω ω|
Using the Kähler form, have can identify
is absolutely convergent for Res > 1. When (ν 1 , ν 2 ) = (1, 1) it is understood that the summation does not include n 1 = n 2 = 0. Then, ζ (ν 1 ,ν 2 ) is well-defined and has a meromorphic extension to C and 0 is not a pole. The regularized determinant of −4 ∂∂ is defined by
It was shown in [13] that ζ(0) = 0 for (ν 1 , ν 2 ) = (1, 1), and ζ(0) = −1 for (ν 1 , ν 2 ) = (1, 1). It follows that
where the Dedekind η η η-function and the Jacobi ϑ-function ϑ(v|τ ) = ϑ 00 (v|τ ) are given by
The topological one-loop string amplitude
For each smooth fiber E u of the fibration Z → UP we have dim H 1 (E u ) = 2. Since a base point is given in each fiber by the section S, we can choose a symplectic basis {α u , β u } of the homology H 1 (E u ) with respect to the intersection form, called a homological marking consisting of the A-cycle and B-cycle. We cannot define α u , β u globally over UP. The cycles are transformed by monodromies around the points with singular fibers. However, we can define globally an analytical marking. An analytical marking is a choice of a non-zero one-form on each smooth fiber E u . We choose the canonical differential dx/y in the Weierstrass coordinates of (2.1). Let ω UP be the restriction of the canonical bundle on CP 1 to UP. Then, the bundle ω Z/UP = ω Z ⊗ (π * ω UP ) −1 restricts to the canonical bundle K u on each smooth fiber E u . The restriction to E u identifies dx/y with the holomorphic one-form dz. Given the rational elliptic surface Z → UP and the analytic marking, we can associate to it a holomorphic symplectic two-form [8] , given by
where (x, y) are the Weierstrass coordinates in Eq. (2.1) on the fiber E u . Then, there is a globally defined, real, closed, non-vanishing two-form form Ω Ω Ω on
For all u ∈ UP we denote the period integrals of the elliptic fiber by
For the proper, surjective, holomorphic map of complex manifolds π :
its adjoint will be denoted by∂ * . We have the following Lemma:
Lemma 4.1. The regularized determinant det ′ (∂ * ∂ ) of the Laplace operator along the fiber is a smooth function on UP with
where ∆ ∆ ∆ is the modular discriminant of the elliptic fiber E u .
Proof. It follows from Eq. (3.4) that
But the discriminant ∆ ∆ ∆ of the elliptic curve E u is given by ∆ ∆ ∆ = (2π)
12 η η η 24 (τ ) (2 ω ω ω) 12 . We set da = ω ω ω du and da
This notation should not suggest that da is integrable, i.e., that there is a globally defined function a. On every open set U ⊂ UP, we can integrate and find holomorphic functions (a, a D ) such that on U we have ω ω ω = da du and ω
. The Kähler metric (4.2) can then be written as Ω Ω Ω = 8i Imτ da ∧ da. The following Lemma was proved in [8] :
The scalar curvature is
Proof. Let π (1,0) ∈ Ω (1,0) (T C UP) be the projection onto the (1, 0) part of the complexified tangent bundle. π
(1,0) is a one-form with values in the tangent bundle T (UP).
It is the unique connection which is compatible with the metric and the complex structure. It follows that the Levi-Civita connection satisfies Ω Ω Ω π
The Riemannian curvature R of the Kähler metric Ω Ω Ω is
Pulling down the summation index using the metric Ω Ω Ω = i h aā da ∧ da we find
The scalar curvature is obtained by contracting the summation indices using the inverse Kähler metric Ω. We obtain
We have the following Proposition:
ln det ′ ∆ is a smooth function on
• UP and satisfies the equation
where ∆ is the Laplace operator along the fiber of Z → UP, S is the scalar curvature of the Kähler metric Ω Ω Ω on
• UP, and ∆ UP is the Laplace-Beltrami operator
Proof. The proof follows from Lemma 4.1 and Lemma 4.2.
Remark. Eq. (4.7) is the anomaly equation of the one-loop topological string amplitude derived in [4] (4.9)
.
The vertical∂-operator on Z → UP
There is a factorization of the determinant line bundle L = DET ∂ as the tensor product of L ′ and H, corresponding to the non-zero and zero eigenvalues respectively. The bundle L ′ has the holomorphic section det ′ 2∂. We form the holomorphic line bundle
The line bundle DET∂ can be identified with H since
The section det ′ 2∂ determines an isomorphism DET∂ ∼ = H. The isomorphism does not preserve the metric or the connection. Bismut and Freed defined the smooth metric
on DET∂ and determined its unitary connection. Since ω Z/UP is equipped with a Hermitian C ∞ -metric, the Quillen metric is a Hermitian C ∞ -metric on the holomorphic fibers (DET∂) u . The curvature of this connection is a measure of the local anomaly. Proof. The flatness follows from the curvature formula of Bismut and Freed ([7] or [2, Prop. 5.14]):
. The kernel consists of the constant function φ = 1 with φ 2 = vol(E u ). By Serre duality we identify the cokernel ker∂ * with the dual of the space of holomorphic one-forms. Thus, the cokernel is spanned by the section (dz) −1 . Using Eq. (3.4) we obtain for the Quillen norm of the section (dz)
It is possible to factorize the right hand side holomorphically in τ . We use the Quillen metric to obtain a smooth section σ # of the dual bundle (DET∂) * by 
It follows that (dz) ⊗2 has the same transformation under a coordinate change as
The Quillen metric is compatible with a change of coordinates since ∂ ln ∆ ∆ ∆ ∂u du + 1 12
Although DET∂ is flat there is still a global anomaly arising from non-trivial monodromy around the non-contractible closed loops. These are the non-contractible loops (γ n )
n=1 clockwise, and γ ∞ encircling the cusp at infinity counterclockwise.
Lemma 5.3. There exist constants in R + such that
Proof. The proof follows from Lemma 5.1, Remark 5, and the fact that ∆ ∆ ∆ has a simple zero at each node u n and is a polynomial of degree N f + 2 in u.
We denote the holonomy of the determinant section of DET∂ on the boundary circle γ n around u n by exp(− Since we have restricted ourselves to the case where the fibration Z → UP has no surface singularities and for all u ∈ C the fiber E u = π −1 (u) is a reduced curve with the singularities at u = u * 1 , . . . , u * N f +2 being ordinary double points. A current δ(u − u * n ) on Z → UP is defined by saying that for every differential form α on Z with compact support the equality
holds. The first Chern class c 1 (DET∂, . Q ) is defined as a current of type (1, 1) by
where σ is a local non-vanishing holomorphic section.
Proposition 5.5. The determinant line bundle with the Quillen metric . Q of thē ∂-operator along the fiber of Z → UP extends to a holomorphic line bundle DET∂ → UP with curvature
Proof. The definition of the holomorphic determinant line bundle in Eq. (5.1) can be extended across the singular fibers of an elliptic fibration using the results of Knudsen and Mumford [5] . The Quillen metric is smooth by Lemma 4.4. Let f be a function which is differentiable in the disc D ǫ with |u| < ǫ. Suppose further that f and its derivatives with respect toū are bounded on the disc. Let T denote the function
It is well-known [11] that the linear operator T is differentiable and admissible on D ǫ and satisfies∂(T f ) = f . In this sense, we write 1 2πi The results of [5, Thm. 2.1] and [6] describe the more general situation of thē ∂-operator coupled to a holomorphic vector bundle V → Z, and it follows 
Extending∂ to nodal curves
Let us restrict the fibration Z → UP to a small neighborhood U of a point u * whose singular fiber is a nodal curve. We identify any smooth elliptic fiber E u of the fibration Z → U with the complex plane (with complex coordinate z) modulo the action of lattice generated by the periods 2 ω ω ω, 2 ω
and q = exp 2πiτ . After a suitable SL(2, Z) transformation, we assume that as we approach the node for u → u * , the A-cycle of the torus shrinks to zero, but the length of the B-cycle does not vanish. Hence, we have ω ω ω → 0, Imτ → ∞, as q → 0. By making the neighborhood U smaller if necessary, we assume that |q| < 1 uniformly in U.
Next, we consider the annulus ann ann ann(r 1 , r 2 ) in C (with complex coordinate W ) with inner radius 0 < r 1 < 1 and outer radius r 2 = 1/r 1 . We also define Z = 1/W for W = 0. If we set r 1 = |q| 1/2 , then the annulus is covered by the two charts r 1 < |W | ≤ 1 and r 1 < |Z| ≤ 1. The inner and outer radius of the annulus are identified to obtain a torus, using Z W = q. This is the local description of a compact Riemann surface near a node used in [14] when applied to a torus. For q → 0, we get a singular surface envisioned as sphere with two points {Z = 0} and {W = 0} identified.
We identify the fundamental domain of the torus . With respect to the metric g = dz.dz we have vol(E u ) = 4 Imτ |ω ω ω| 2 , and
We have the following lemma computing the regularized determinant for the LaplaceBeltrami operator on the annulus with respect to the metric (6.1) and with Dirichlet boundary conditions, i.e., the eigenfunctions vanishing on the outer and inner radius:
Lemma 6.1. The regularized determinant for the Laplace operator ∆ = −4∂ z∂z on the annulus ann ann ann(r 1 , r 2 ) with Dirichlet boundary conditions is
Proof. The eigenfunctions ψ n 1 ,n 2 (ξ 1 , ξ 2 ) for the Laplace-Beltrami operator with Dirichlet boundary conditions are similar to the eigenfunctions in section 3. In the case (ν 1 , ν 2 ) = (1, 1) we have
The Dirichlet boundary conditions are ψ n 1 ,n 2 (ξ 1 , 0) = ψ n 1 ,n 2 (ξ 1 , Imτ ) = 0. Hence, we have n 2 > 0 and
Therefore, the zeta-function ζ D (s) for the Laplace operator with Dirichlet boundary conditions is
where ζ (1,1) (s) was defined in Eq. (3.3). Eq. (6.2) then follows from Eq. (3.4).
The Laplacian ∆ = −4∂ z∂z was not the one used in [14] . In fact, the Laplacian in [14] is the Laplace-Beltrami operator for the flat metric on the annulus. This metric is obtained from the metric g by rescaling and a change in the conformal gauge, i.e.,
with Φ = ln |W | and Λ = |ω ω ω|/π. The Laplace-Beltrami operator for the flat metric is
We use the results of [17] to derive the following Lemma:
Lemma 6.2. The regularized determinant for the Laplace operator ∆ on the annulus ann ann ann(r 1 , r 2 ) with Dirichlet boundary conditions is
Proof. The Gaussian curvature on the annulus as well as the geodesic curvature on the boundary circles vanish for both g and g. Then, [17, Eq. (3)] implies
We obtain
. The claim then follows from 2 ζ D (0) = ζ (1,1) (0) = −1.
We set
• U = U − {u * } and recall that in the neighborhood U ⊂ UP of the point u * with nodal fiber E u * we have chosen ω ω ω, ω
We form the holomorphic line bundle
with the metric
instead of the metric (5.2). It follows:
non-vanishing holomorphic section of DET ∂ with
Proof. The proof is analogous to the proof of Lemma 5.1. Eq. (6.9) follows from Eq. (6.5) and ∆ ∆ ∆ = (2π) Proposition 6.4. In a small neighborhood U ⊂ UP of a point u * with nodal fiber E u * such that q = exp(2πiτ ) → 0 as u → u * , there is a∂-operator defined on the singular fiber E u * such that the family of operators {∂ u } u∈U is a continuous family.
The determinant line bundle with the Quillen metric . b Q of the∂-operator along the fiber of Z → UP| U extends to a holomorphic line bundle
Proof. The results of Seeley and Singer [14] imply that there is∂-operator defined on the singular fiber E u * n such that the family of operators {∂ u } u∈U is a continuous family. It follows from Lemma 6.3 that
Notice that q Remark. The limiting Laplace operator of [14] is the Laplace operator −4 ∂ W∂W on C (with complex coordinate W ). The eigenfunction for an eigenvalue λ 2 with λ > 0 satisfying Dirichlet boundary conditions is J n (λ r) exp(inθ) with W = r exp(iθ) and n ∈ N. J n (λ r) is the Bessel function of the first kind which is regular at r = 0 and decays as 1/ √ r for r → ∞.
7.
The vertical signature operator on Z → UP Using the complex structure, the signature operator on each fiber E u is the operator
Again, there is a factorization of the determinant line bundle L = DET D as the tensor product of L ′ and H, corresponding to the non-zero and zero eigenvalues respectively. The bundle L ′ has the holomorphic section det ′ D. The fiber of the line bundle H can be identified with
The bundles H 0,0 (E u ) and H 1,1 (E u ) can be identified by duality. Similarly, H 0,1 (E u ) and H 1,0 (E u ) are Serre duals. On each fiber E u , multiplication by dz converts ∂ into ∂ 1 . Thus, we have H ∼ = [H 1,0 (E u )] −2 . and the determinant line bundle of the operator D is isomorphic to the two-fold tensor product of DET ∂. We have the following Lemma: 
Proof. The proof is the same as for Lemma 5.2. 
Proof. It follows from Remark 5 that (dz) 2 can be identified with du −1 . Thus, the bundle (DET D) * →
• UP has a standard trivialization on
• UP given by du.
Lemma 7.4. The signature of the elliptic surface Z → UP is
It follows sign(Z) = −N f .
Proof. The signature of the rational elliptic surface Z → CP 1 in terms of its Chern classes c 1 , c 2 is
The canonical class of Z is the fiber class so that c 2 1 = 0 while c 2 is the sum of the exceptional fibers of the fibration whence
The elliptic surface are nodes they do not contribute to the signature. Hence, we have sign(
where E ∞ is the singular fiber of Z at infinity. Thus, we obtain
The Euler number e(E u * n ) is equal to the degree of the zero the discriminant assumes at u = u * n . Therefore, it follows − 2 3
. By Kodaira's classification result it follows that singularities which are not of type I k satisfy sign(E ∞ ) = 2 − e(E ∞ ). Lemma 7.3 yields sign(Z) = −N f . 7.1. Regular singularities and the Riemann-Hilbert problem. The definition of the holomorphic determinant line bundle in Eq. (5.1) can be extended across the singular fibers of an elliptic fibration using the results of Knudsen and Mumford [5] to include the higher-rank singularities of Kodaira type I k and I * k . In this section, we allow any Jacobian rational elliptic surface Z with singular fibers of Kodaira type I kn over [u * n : 1] ∈ CP 1 (with 1 ≤ n ≤ K such that k n = N f + 2) and a singular fiber of Kodaira type I * 4−N f over u = ∞. The following solution to the Riemann-Hilbert problem on CP 1 was given by Röhrl in terms of differential equations with regular singular points [9] : 
The holomorphic line bundle L admits a global meromorphic section σ, so L is meromorphically trivial and the connection ∇ coincides with a homomorphism defined by a global meromorphic Pfaffian system (d−θ)ρ = 0 where θ is a global meromorphic one-form on CP 1 . Since θ = dρ/ρ the curvature dθ vanishes. Then, dθ can be prolonged to the whole CP 1 .
It follows:
Proposition 7.6. On the holomorphic anti-canonical line bundle ω 
The bundle L carries the integrable meromorphic connection
with regular singular points u * n . In particular, the form θ u = dρ u /ρ u has simple poles at every regular singular point u * n , and the counterclockwise contour integral evaluates 
In particular, the form θ v = dρ v /ρ v has simple pole at v = 0, and the counterclockwise contour integral evaluates
The connection one-forms θ u and θ v patch together to give a meromorphic connection on CP 1 : on the intersection of the two charts we have dv −1 = u 2 du −1 and
The curvature vanishes on all open sets. The curvature of the line bundle extended across the singular points is given by Ω =∂∂ log σ * 2
The equality CP 1 i Ω/(2π) = 2 then follows from n k n = N f + 2.
Remark. Under the functor of Fact 7.5 the isomorphism class of (ω In the case where for the fibration Z → UP the fiber E u = π −1 (u) is a reduced curve with the singularities at u * 1 , . . . , u * N f +2 being ordinary double points, the manifold Z is a smooth four-dimensional manifold with boundary ∂Z. The generalization of Hirzebruch's signature theorem for manifolds with boundary by Atiyah, Patodi, Singer [3] shows that the elliptic signature operator A on Z has an analytic index if one imposes APS boundary conditions on ∂Z. The operator A on Z is of the form
near the boundary, where |v| is the inward normal coordinate, σ a certain bundle isomorphism, and D is the selfadjoint signature operator on the boundary ∂Z. For the boundary circle γ ∞ around u = ∞ one obtains a three-dimensional manifold W ∞ = ∂Z fibered over a circle from the fibration Z → UP. On the boundary component W ∞ the selfadjoint operator D on the differential forms of even degree is Proof. For a Weierstrass rational elliptic surface the anti-canonical class is the smooth fiber class [10] . It follows that c 1 (Z) 2 = 0. The main theorem of [3] when applied to the elliptic surface Z → UP with c On the other hand, the application of Lemma 7.4 yields sign (Z) = −N f .
Conclusion and outlook
We have shown that the Seiberg-Witten family of elliptic curves defines a fourdimensional, Jacobian rational elliptic surface Z → UP with boundary. The signature of Z is the analytic index of the signature operator on Z if we impose APS boundary conditions on ∂Z. On the other hand, we can compute the index from the logarithmic monodromy of the canonical section of the flat determinant line bundle DET D → UP of the signature operator along the fiber of Z → UP. The signature of Z coincides with the number N f of the hypermultiplets in gauge theory.
The identification of the hypermultiplets in the N = 2 supersymmetric low energy SU(2)-Yang-Mills theory with the zero modes of the signature operator on the Jacobian rational elliptic surface defined by the Seiberg-Witten curve is interesting in the context of string theory. String theory predicts that N = 2 supersymmetric SU(2)-gauge theory in four dimensions emerges from the compactification the type IIB string on a certain K3-fibration X 3 → CP 1 . The Calabi-Yau three-fold X 3 is determined by the gauge bundle in the heterotic string theory, and in the large base limit becomes C × Z. Thus, we conclude that after the compactification the hypermultiplets must arise from the string fields on the internal manifold which are the zero modes of the signature operator.
